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Abstract 

We discuss the configuration and acoustic phonon effect on the conditional phase gate using 
self assembled quantum dots. As an example, we discuss the simplest three dots conditional phase 
gate, and we found that the fidelity of conditional phase gate depends strongly on the configuration 
and temperature. Numerical simulation shows that line-configuration resonant with lower single 
exciton energy level performs better during the gate operation. 
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The implementation of a sequence of quantum gate operations and the abihty to initiahze 
the qubits are prerequisites for quantum information processing (QIP). So far, the two-qubit 



controUed-NOT (CNOT) 



experimenta 
tor system 
recently 



ly in cavity 



and controlled PHAS 



ll], ion traps 



3 (CPHASE) gates have been demonstrated 



3|, quantum dot (QD) 



J] and superconduc- 



2|, NMR 

^, and the three-qubit CPHASE gate in NMR system has also been reported 
a]. However, among all the realization schemes, the electron spin in QD attracts 
special interest due to the integrated advantages: (i), the spin in QD can be manipulated 
ultrafast by a circularly polarized pulse (~ ps), which may be more readily realized with 
current technology, (ii), the QDs can be scaled up to large network benefitted from the 



7, 



so numer- 



state-of-the-art electronics. (iii),the spin decoherence lifetime is very long 
ous operations can be performed before the coherence is totally lost during the interaction 
between QDs and the phonon bath. 

Recently, a scheme to realize CPHASE gate using QD molecular has been proposed by 



Gaugeret al 



id ], who shows that the phonon bath has huge influence on the CPHASE. 
Here, we extend this model to three QDs system, which is of great importance in QIP. In 
this letter, we focus on the configuration effect on the CPHASE operation. 

The system we studied is composed of three lateral coupled QDs, as schematically shown 
in Fig. [H (a) is ring configuration and (b) is the line configuration. We use electron 
spins to realize the CPHASE because the spin has sufficiently long decoherence time 
In self-assembled QDs, the lattice mismatch between the QD and the substrate break the 
degenerate of heavy hole (HH) and light hole (LH) by about 200 meV, hence the HH can be 
well described by ±|. The tunneling effect decreases quickly as the distance between dots 



111. 



increases, and can be neglected. The hamiltonian to describe this system hence read as 
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FIG. 1: (color online). Possible configuration of three quantum dots, ring for (a) and line for (b). 
We assume that the three quantum dots have identical exciton energy and have the same exciton 
transfer rate. Due to Forster interaction between the coupled QDs, energy shift on single-exciton 
states in subspace TL occurs. We can choose an appropriate single-exciton state as auxiliary state 
to achieve CPHASE gate. The energy level diagrams of ring and line configuration are shown in 
(c) and (d) respectively. The arrows denote the possible resonant transitions to implement gate 
operation: only l^'i) ^ [^'4) is allowed in ring structure, both <-> |^'2) and j^'i) ^ [^'4) are 
possible in line structure. 



HQ = uJa'^ Ui + Vf^^ c\cj + Vxx ^ niUj, (1) 

where q and is the destruction and creation operator of exciton at the i*^ QD. Vp is 
the Forster energy transfer rate between coupled QDs. It is dominated by the dipole-dipo 



12|. 



interactions, and has recently been demonstrated by Kim et al in semiconductor QDs 
The third term Vxx is the Coulomb interaction between the coupled QDs, and may contribute 
to the system when each QD contains one exciton. 

We now impose a time-dependent and cr+ polarized laser pulse to realize the three QDs 
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CPHASE gate. The Hamiltonian can be written as 

H, = ncos{u;it)^{cl + Ci) (2) 

i 

where ui is the frequency of the external field, and Q is the corresponding coupling constant. 
Because the external field is polarized, so only |^^) = | lTi) is possible to be created 



when the qubit is initialized to | t) ISj. If the qubit is initialized at | |), no exciton will 
be created in the QDs because of the Pauli blocking effect. With the above restriction, the 
hamiltonian can be decoupled into four subspaces sorted by the number of qubit in the basis 
state I t)- Additionally, with the help of Forster interaction Vf and Coulomb interaction 
Vxx, the energy shifts lifted in each subspace are different. We are primed to pay attention 
to the subspace Ti. with its electron state | tTT); whose level schemes as shown in Fig. [T] (c) 
(ring configuration) and Fig. [D (d) (line configuration). 

One-step CPHASE gate-Most three-qubit phase gate requires a lot of two-qubit gates 
and one-qubit rotations ij], or performing many steps by addressing individual qubit with 



laser pulses[l5|]. In this work, the CPHASE gate can be realized in only one step. First, we 
will study the performance of the CPHASE gate in the ideal case without any dephasing 
mechanism. We derive Eq.([T]) into the subspace Ti with its eight eigenvectors. We drive the 
system with a cr^ laser field tuned on resonance with the transition | fff) ^ |^s), and 
is an auxiliary state. Assuming other off-resonant transitions are so far off the resonance 
that no transition is induced through it, we can get an effective Hamiltonian 

aQ 

H,s=—\^s){m\ + h.c, (3) 

in which a is character parameter which is determined by its configuration. Transforming 
back to the lab frame, the time evolution of the initial state |\E'i) may be written as 

I TTT) ^cos[^(t)]| TTT) + e-^-'*sin[^(t)]|v^,) (4) 



where 9{t) = f / dtn. In this way, through the resonant interaction Eq.([3]), one can choose 
the interaction time t with d(t) = n, the state | fff) will acquire an e*'^ phase factor, i.e., 

ITTT)^-|TTT) (5) 

The polarized laser field can not induce transitions through initial states to exciton states in 
any other subspaces. The state | Hi) can not evolve under polarized light for the Pauli 
blocking principle. And electronic states owing single | t) and that owing double | t) are 
off-resonant with their single-exciton states via the large detuning A, which is tuned large 
enough such that A ^ Q. Therefore, the classical light field combing the coupling between 
the dots can create a tt phase shift on the state | Hi) and leave the other seven electronic 
state unevolved, implementing the three-qubit CPHASE gate. 

Dephasing due to the phonon bath.-ln the actually phase gate, the coupling with the 
phonon bath can lead to dephasing, which degrade the quahty of the phase gate. We focus 
on the low temperature regime, hence only the acoustic phonons will contribute to the 



dephasing precess|l6 



171]. The exciton phonon interaction can be described by 
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^^p = J2Yl SgJ^h («q + a],) (6) 
i=i q 

with the effective excitonic coupling strength 

^q. = E ^'''■''^ K,.Pe(q) - M^^^pM], (7) 



where M^^J^ = Yl \//i|q'|/2/iVcsDe//j, and the state density in k space Pe/h(q) = 
q 

J (i^r|</)e//ipe*'^''". aq(ctq ) are the annihilation(creation) operators for phonons with wave 
vector q, fi denotes the mass density, V is the normalization volume, and Df.(h) is the 
deformation potential coupling constant of elector (hole). The wave function we choose 
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is 0e/h ~ exp(— r^//gy^)with the electron(hole) ground-state localization length. Because 
the wave function has spherical symmetry, only the longitudinal acoustic phonon (LA) will 
contribute to the decoherence process. Under the Markovian approximation, the master 
equation of the density for the whole system can be read as in a Lindblad form ^ 



p = -i[H,,p\+n[p\ + Y.J{uJi){[N{uJi) + l\D[Li]p 

i 

+ N{u;,)D[Ll]p). (8) 

3 

with Hs = Hq + Hi, and R[p] = ^ r[crj_p(Tj+ — ^[ai+ai-p + pui+ai-)] depicting the photon 

i=l 

emission effect and ai- = \ ^)i{X^\ (or (Ji+ = |) denoting the lowing (or rasing) 

operators of i*^ dot. T is the spontaneous radiative decay rate, which is inversely proportional 
to the lifetime of exciton. D[L]p = LpL'^ — ^{L^Lp + pL'^L) is the decay operator of phonon 
effect, and A^(u;) = [exp(u;/A;BT) — 1]^^ is the thermal occupation of the phonon modes. J{u!i) 
is the phonon spectral density, which is determined by the configuration. Here we mainly 
focus on the widely studied InAs/GaAs QDs, and we choose the parameter Vp = 0.85 meV, 
Exciton energy Ua = 1.1 eV, bi-exciton binding energy V^x = 5 meV, radiative decay rate 
r = 1.6 p eV, electron and hole ground state localization length = 2.16 nm, Ih = 1.44 nm, 
mass density p = 5.3k/cm^ and the sound velocity Cg = 4.8 x 10^ cm/s. 

In the following, we will study two schemes for the phases gate according to the different 
configurations of three QDs. 

Ring configuration. - In the ring-arrayed QDs, we first reduce the Hamiltonian Eq.([T]) 
into the subspace Ti. When 1] = 0, the eigenstates of Ti. are = | TTT)) 1^2) ~ 

^(4-24 + 4)1 TTT), 1^^) = -^(4-4)1 TTT), 1^4) = ^(4 + 4 + 4)1 TTT)- considering 
the case f2 <^ Vf ^ Vxx, double and ternate trion states are adiabatically eliminated. 
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FIG. 2: (color online). The fidelity of the CPHASE gate in three cases against delay time(ps) with 
$7 = 0.1 meV and 2R = 6 nm : (a) for ring configuration, (b) for line configuration with transition 
l^'i) <-> 1^4), (c) for line configuration with transition <^ \^2)- We present five curves in 
each figure to describe performance of CPHASE gate operation in different conditions: without 
noise(black, solid line), only spontaneous radiation(red, dashed line), combing both spontaneous 
and plionon effect at three finite temperature, respectively. In (a) and (b), temperature T varies 
from T = Oi^(green, dotted line), WK (Pink, dash-dot line), 20K(h\ue, solid line). While, T are 
chosen to be 0-fC(green, dotted line), 5 A' (Pink, dash-dot line),10ii'(blue, solid line) in (c). 



Moreover, the anti-symmetry basis 1^1/2)5 l^s) have no effect on the initial state so 
we could only choose the higher single-exciton state |\l/4) as an auxiliary state , and 
set toi = Ua + 2Vf- It can be obtained that Ormg = "\/3, and the effective Hamiltonian in 
ring-structure is H^s = ^|\l/4) + h.c. 

In Fig. El we present the fidelity of the CPHASE gate with 1] = 0.1 meV and 2R = 6 
nm, where the input state is |\E'i) = [:^(| T) + I i))]®^; a^id the ideal state is |^/) = 

iTld iii) + I Tii) + I iti) + I lit) + I TTi) + I Tit) + I itt) - I TTT)) after the gate 
operation. The fidelity here is defined as JF = |(\E'j|p|^j)|. The black solid line is the 
result that set F = 0, which shows perfect Rabi oscillation. Then we consider the phonon 
effect. We have demonstrated that the single-exciton state |\l/2) and |\&3) are decoupled 
from the evolution of i/sub in the case without environment fluctuation. However, |\E'2) and 
l^'g) are degenerated with energy lower than l'^^), so spontaneous photon emission and 
phonon interaction lead to an intense dissipation and |\E'2) ^^"^ I ^3) should be reconsidered 

in our model. The new Hamiltonian is if = ii^„f, + Xl^al^q'^q) + -^ep, where if^^^ = 

q 

-Vf|^2)(^2I -'^fI^3)(^3I + ^(|^i)(^4| + /;..£.). In the basis consisted by the eigenstates 
of H:,, = ^(|v[/i) - Ivl;^)), = |v^*), |$3) = |vl/*), = -i^dvl;,) + jv];,))), we 

move the Hamiltonian into an interaction picture with respect to ii^„^ + X] '^g('^q'^q)' 

q 

calculate the density operator by approaches mentioned above. The distance between the 
center of the ring configuration and each dot is d = -\/3 nm. We set the coordinates of three 
dots to be (-f,-^,0), (rf,0,0) and (-f,^,0). The spectral densities J{uj) with their 
relevant parameters shown in Table. [B 

In order to validate the performance of the proposed phase gate, we perform a direct 
numerical simulation with the full master equation Eq. ([8]). In Fig. [2|, it is shown that the 
Rabi oscillations in fidelity are quickly damped primarily due to phonon-exciton interaction. 
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TABLE I: Calculation results of spectral densities with different frequencies and dissipative op- 
erators in ring configuration. Here G(a;) = g^a^eS [Be exp(-(^)^) - Dhexp{-{^)'^)]'^ is the 
common factor of all spectral densities in ring structure, Ormg = is the character factor in ring 
configuration and | q| = uj/cs- 

and no clear oscillation period is observable even if temperature achieved at its limit OK. As 
temperature T increases, the system suffers a stronger damping. The spontaneous radiation 
is also a decoherent source of damping, but the influence is so small that Rabi oscillations 
are obvious in a relatively long timescale. 

Line Configuration - The analysis of the line configuration can be derived in analog 
to the ring-configuration. In subspace H, eigenstates for = include = | ttt)) 

= |(cl-v^4+4)| TTT), 1^^) = -^(4-4)1 TTT), and \^,) = i(4 + v/24+4)| TTT). 

The energy level diagram is illustrated in Fig{T](d). It is shown that both |\E'2) and |\E'4) have 
an energy shift comparing with other single exciton state, and can be chosen as auxiliary 
level resonated with to prepare a CPHASE Gate. 

If we pump the laser with frequency Ui = cUa ~ V2Vf, the transition |\E'i) ^ |\l/2) is 
allowed (in Fig. [T]). We can obtain the character factor of configuration adown = 1 — 
H,ff{t) = f (1 - ^^)(|*i)(*2| + H.c). In the case of /J' f (1 - ^)dt = vr, a 7r-pulse shift 
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2sin(|q|d)GM i|$i)($3| ^|^2)(^'3| V2VF + ^an 
i|$2)($3| 3 1 ^3) ($4 1 V2Vf 



4sin2(M^)GM ^|$i)(<i>4| j^\^2){^4\ 2V2VF + lan 
^|$2)(^4| ^\^2){<l>i\ 2V2VF-^an 



4cos2(Mi^)G(a;) ||$i)($2| hI^i)($4| aQ 
TABLE II: Calculation results of spectral densities with different frequencies and dissipative opera- 
tors in line configuration. Here G{uj) = 2^^[De exp{-{^)'^) - Dh exp(-(^)^)]^ is the common 
factor of all spectral densities in line structure, and |q| = uj/cg. The character factor a has two 
different value when choosing different resonant transitions in the line configuration. If resonant 
transition is selected as |\I'i) <-> {^2), ot becomes as adown = 1 ~ a-^d relative decay operator is 
Ldown', while a becomes as Uup = 1 + and decay operator is L^p if l^*!) |^'4) is selected. 

on the system engenders: | ITT) —\ TTT)- 

If we let the laser be resonant with transition ^ 1^4) (simply replace Ui by uJi = 
Ua + V^Vf ), the factor a becomes as a„p = 1 + a similar Hamiltonian is Heff{t) = 
^(1 + ^)(|^'i)(^'2| + H.C.), and the vr-pulse shift may occur when J^' ^(1 + ^)dt = vr and 
the operation time could be obviously shortened. 

Like the ring configuration, we can also derive a new density operator to describe the 
evolution of line configuration. The distance between the center of the ring configuration and 
each dot is 2(i = 6 nm. Here the coordinates of three dots are chosen as {—d, 0, 0), (0, 0, 0) 
and {d, 0, 0), then we can obtain spectral densities J(ct;) (listed in Table. ^ in two strategies 
about the selection of resonant transition from ground state to |\l/2) (low-level) or high 
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exciton energy level 4) (high-level) , and then we may find that two numerical calculation 
results in the same configuration is totally different. In Fig. [21 it is demonstrated that, in 
the low-level case, phonon effect does not lead a strong damping at very low temperature. 
Especially at OK, the behavior is as the same as that only considering spontaneous radiation. 
This is because spectral density J{uj) between ground state and low single exciton level is 
close to zero. As the temperature is increased, oscillations are damped: for T = 5K, two 
periods of oscillation are still visible, while no clear oscillation is exhibited for T = lOK. 
In the high-level case, like the ring configuration, phonon effect plays a dominant role in 
decoherence mechanism. Moreover, the damping induced by phonon effect is a little larger 
than ring configuration at the same temperature. 

Conclusion. -In this work, we discuss the configuration effect and acoustic phonon effect 
on the CPHASE gate. We found that the quality of the phase gate depends strongly on the 
configuration, which is of great importance when QDs is used as building block to larger in- 
tegrated systems. We also found that those configuration mainly infiuence the energy levels, 
hence infiuence the exciton phonon coupling strength. We show that the line configuration 
with resonant transition ^ |\I^2) is more suitable for quantum computation. 
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